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Abstract 

^ . We introduce the notion of Poisson quasi-Nijenhuis manifolds generalizing the Poisson- 

t-H ' Nijenhuis manifolds of Magri-Morosi. We also investigate the integration problem of 

(~| . Poisson quasi-Nijenhuis manifolds. In particular, we prove that, under some topologi- 



es 



cal assumption, Poisson (quasi)-Nijenhuis manifolds are in one-one correspondence with 
symplectic (quasi)-Nijenhuis groupoids. As an application, we study generalized complex 
structures in terms of Poisson quasi-Nijenhuis manifolds. We prove that a generalized 
complex manifold corresponds to a special class of Poisson quasi-Nijenhuis structures. As 
(N ■ a consequence, we show that a generalized complex structure integrates to a symplectic 

. quasi-Nijenhuis groupoid recovering a theorem of Crainic. 
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1 Introduction 



Poisson Nijenhuis structures were introduced by Magri and Morosi [16, 18] in their study 
of bi-Hamiltonian systems, and intensively studied by many authors [12, 21]. Recall that a 
Poisson Nijenhuis manifold consists of a triple {M,tt,N), where M is a manifold endowed 
with a Poisson bivector field tt, and a (1, l)-tensor N whose Nijenhuis torsion vanishes, i.e. 

[NX, NY] - N{[NX, Y] + [X, NY] - N[X, Y]) = 0, VX, Y G X(M), 

together with some compatibility condition between tt and N. Poisson Nijenhuis structures are 
very important in the study of integrable systems since they produce bi-Hamiltonian systems 
[16, 12]. 

As observed by Kosmann-Schwarzbach [11], given a Poisson Nijenhuis manifold {M,it,N), 
{{T*M)t^, (TM)j^) constitutes a Lie bialgebroid, where (r*M)^ is equipped with the standard 
cotangent Lie algebroid structure induced by the Poisson tensor vr while (TM)j\r is the de- 
formed Lie algebroid on TM induced by the Nijenhuis endomorphism N. Indeed it is proved 
in [11] that the Lie bialgebroid condition on ((r*M)^, (TM)7v) is equivalent to the triple 
{MjTTjN) being Poisson Nijenhuis. 

The main goal of the present paper is to introduce the notion of Poisson quasi- Nijenhuis 
structures. By definition, a Poisson quasi-Nijenhuis manifold is a quadruple (M, vr, N, (p), where 
M is manifold endowed with a Poisson bivector field vr, a (1, l)-tensor A'^ and a closed 3-form 
(f) such that TT and are compatible (in the usual Poisson-Nijenhuis sense) and 

[NX, NY] - N{[NX, Y] + [X, NY] - N[X, Y]) = J{ixAY^), VX, Y G X{M). 

Recall that Lie bialgebroids are pairs of transverse Dirac structures in a Courant algebroid [13]. 
When one of the two maximal isotropic direct summands fails to be Courant involutive, this 
becomes a quasi-Lie bialgebroid [20, 19]. Alternatively, a quasi-Lie bialgebroid is equivalent to 
the following data: a Lie algebroid A together with a degree 1 derivation S of the associated 
Gerstenhaber algebra (r(A'yl), A, [•, •]) such that (5^ = [(p, ■] and Scj) = for some (!> G r{A^A) 
[9]. We prove 

Theorem A. Given (M, tt, A", 0), the following are equivalent 

• (M, TT, A", (p) is a Poisson quasi-Nijenhuis manifold; 

• (^(T*M)-,^,(TM)n,4') *^ 0. quasi-Lie bialgebroid. 

It is well known that the global object corresponding to a Poisson manifold is a symplectic 
groupoid [2, 22]. It is natural to ask what is the global object integrating a Poisson Nijenhuis 
manifold. We prove 

Theorem B. The base manifold of a symplectic Nijenhuis groupoid is a Poisson Nijenhuis 
manifold. Moreover, there is a one-one correspondence between t-connected and t-simply con- 
nected symplectic Nijenhuis groupoids (P ^ M,u),N) and integrable Poisson Nijenhuis mani- 
folds {M,TT,N). 

By a symplectic Nijenhuis groupoid, we mean a symplectic groupoid (F ^ M, uj) equipped 
with a multiplicative (1, l)-tensor A^ : TT TT such that {T.u;, N) is a symplectic Nijenhuis 
structure. The main idea of the proof of Theorem B can be outlined as follows. One proves 
that Poisson Nijenhuis structures on a manifold M are in one-one correspondence with Lie 
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bialgebroids ((T*M)^,(5) satisfying the condition that [d,d] = 0, where d is the de Rham 
differential on M. The latter are the infinitesimal of symplectic Nijenhuis groupoids, as can 
be shown using the universal lifting theorem [9]. 

The same method can be used to prove an analogous result for Poisson quasi-Nijenhuis man- 
ifolds. 

Theorem C. The base manifold of a symplectic quasi-Nijenhuis groupoid is a Poisson quasi- 
Nijenhuis manifold. Moreover there is a one-one correspondence between t-connected and t- 
simply connected symplectic quasi-Nijenhuis groupoids (T ^ M ,u) , N ,t* (j) — s* (f) and integrable 
Poisson quasi-Nijenhuis manifolds (M, tt, A?", 0). 

A symplectic quasi-Nijenhuis groupoid is a symplectic groupoid (F ^ M,oj) equipped with 
a multiplicative (1, l)-tensor TV" : TF — > TF and a closed 3-form (f> G r2^(M) such that 
(F,uj, N,t*(f) — s*(j)) is a symplectic quasi-Nijenhuis structure. 

As an application, we study generalized complex structures in terms of Poisson quasi-Nijenhuis 
structures. The notion of generalized complex structures was introduced by Hitchin [8] and 
studied by Gualtieri [7] motivated by the study of mirror symmetry. It comprises both symplec- 
tic and complex structures as extreme cases. We show that on a generalized complex manifold 
(M, J), where 

/AT 7r« \ 
•^"U -N*) 

with N'^ + TT^(7\^ = — id, the building units tt, N and (T of J do exactly determine a Poisson 
quasi-Nijenhuis structure. Indeed, the endomorphism N can be used to define a derivation djv 
of the Gerstenhaber algebra associated to the Lie algebroid {T*M)t^. We prove 

Theorem D. The following are equivalent 

• J is a generalized complex structure; 

• (M, TT, N, da) is a Poisson quasi-Nijenhuis structure such that 

{TM)n ® {T*M)^ i TM © T*M 
is a Courant algebroid isomorphism. 

A similar result (in a different form) was already proved by Crainic using a direct argument 
[4]. 

Since a generalized complex structure corresponds to a quasi-Nijenhuis manifold according to 
Theorem D, as a consequence, we prove 

Theorem E. Let J be a generalized complex structure as given by Eq. (18), and (F ^ M,uj) 
a t-connected and t-simply connected symplectic groupoid integrating (T*M)^. Then there is 
a multiplicative {l,l)-tensor N on F such that (F ^ M,uj,N,t*da — s*da) is a symplectic 
quasi-Nijenhuis groupoid. 

This result, in a disguised form, was also proved by Crainic [4] using a different method. 
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Notations We denote the bracket on the sections of a Courant algebroid by I-,-]], except 
for the standard Courant bracket on TM © T*M, which is denoted by The Lie bracket 
of vector fields and its extension to polyvector fields (i.e. the Schouten bracket) are denoted 
by [•,•]. Any bundle map B : T*M — > TM induces a bracket on the space of 1-forms (see 
Eq. (8)). It is denoted by [•, -Jb as well as its extension to the space of differential forms of all 
degrees. Finally, if •] is a bracket on the space of sections of a vector bundle E of which J 
is a bundle endomorphism, then its deformation by J is denoted by -Jj (see Eq. (19)). 

Acknowledgments We would like to thank several institutions for their hospitality while 
work on this project was being done: Erwin Schroedinger International Institute for Math- 
ematical Physics (Sticnon and Xu), and Universite Pierre et Marie Curie (Xu). Stienon is 
grateful to the Emile Prancqui and Belgian American Educational Foundations for supporting 
his stay at the Pennsylvania State University where this work was completed in 2005. We 
would also like to thank Marius Crainic and Jim Stasheff for many useful discussions, and the 
referee for helpful suggestions to improve the presentation of the paper. 

2 Preliminaries 

Definition 2.1 ([13]). A Courant algebroid is a triple consisting of 

• a vector bundle E ^ M equipped with a non degenerate symmetric bilinear form (■, •), 

• a skew-symmetric bracket [[•, ■\ on T{E), and 

• a smooth bundle map E M called the anchor, which induces a natural differential 
operator V : C~(M) ^ r{E) defined by 

{Vf,A) = lp{A)f 

for all / G C°°{M) and Aer{E). 

These structures must be compatible in the following sense: yA,B^C G ^{E) and V/, 5 G 
C°°(M), 

. p{lA,B}) = [p{A),p{B)], 

. llA,BlC\ + llB,ClA\ + ilC,AlB\ = \V{{lA,BlC) + {lB,ClA) + {lC,AlB)), 
. lA/^l = flA,B\ + {p{A)f)B - {A,B)Vf, 

• poV = 0, i.e. {Vf,Vg)=0, 

. p{A){B, C) = ilA, Bj + V{A, B),C) + {B, {A, Cj + V{A, C)). 

Note that a Courant algebroid is not a Lie algebroid as the Jacobi identity is not satisfied. 

Example 2.2 ([3]). The generalized tangent bundle TM(BT*M of a manifold M is a Courant 
algebroid, where the anchor is the projection onto the first component and the pairing and 
bracket are given, respectively, by 

{X + ^,Y + ri) = ^{aY) + v{X)), (1) 
l\X + ^,Y + n\, = [X, Y] + CxV -jO-Y^+k {^{Y) - V{X)) , (2) 
yX,Y e X{M), V^,r? G n^{M). 
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Definition 2.3. A Dirac structure is a smooth subbundle L of a Courant algebroid E, which 
is maximal isotropic with respect to (•, •) and whose space of sections r(L) is closed under 
|-, J. It is thus naturally a Lie algebroid. 

It is well-known [23] that a Lie algebroid (A, [•, -J^, p^) gives rise to a Gerstenhaber al- 
gebra {T{/\* A), A,[-, ■]a), and a degree 1 derivation 6a of the graded commutative algebra 
(r(A'^*), A) such that = 0. Here 5a is given by 

n 

{dAa)iXo,Xi,--- ,Xn) = Y,i-'^yiPAXi)aiXo,--- - 

i=0 

+ Y^i-iy+^ai[Xi, X,]a, Xo,- Xj,--- (3) 

i<j 

A Lie bialgebroid [15, 14] is a pair of Lie algebroid structures on A and its dual A* such that 
6a* is a derivation of the Gerstenhaber algebra (r(A*yl), A, [tIa) or, equivalently, such that 
6a is a derivation of the Gerstenhaber algebra (r(A*^*), A, [•, -j^*). Since the bracket [•,-]a* 
can be recovered from the derivation Sa*, one is led to the following alternative definition. 

Definition 2.4. A Lie bialgebroid is a pair {A,S) consisting of a Lie algebroid {A, [•, •]a,pa) 
and a degree 1 derivation 6 of the Gerstenhaber algebra (r(A*^), A, [■, -Ja) such that 6^ = 0. 

More generally, we can speak about quasi-Lie bialgebroids [20, 9]. 

Definition 2.5 ([9]). A quasi Lie bialgebroid is a triple {A, 6, (j)) consisting of a Lie algebroid 
A, a degree 1 derivation 6 of the Gerstenhaber algebra (r(A*^), A, [•, -jyi) and an element 
^ G r(A^A) such that 5^ = [^, ■]a and (5^ = 0. 

The link between Courant, Lie bi- and quasi Lie bialgebroids is given by the following 

Theorem 2.6 ([13, 20, 19]). (i) There is a 1-1 correspondence between Lie bialgebroids 
and pairs of transversal Dirac structures in a Courant algebroid. 

(a) There is a 1-1 correspondence between quasi Lie bialgebroids and Dirac structures with 
transversal isotropic complements in a Courant algebroid. 

Proof. The proof of (i) can be found in [13], and (ii) was proved in [20, 19]. Below we give an 
explicit formula describing such a correspondence, which will be needed later. 

Let (^4, S, (j)) be a quasi Lie bialgebroid. Let pA* '■ A* — ^ TM be the bundle map given by 

PA*mf) = a^f), G A*, V/ e c-(M). 

Introduce a bracket on r(A*) by 

[^,ri]A*{x) = {pAOivX) - ipA*mx) - i5X){^,n). 

Note that {A*,pA*, [•, -J^*) is in general not a Lie algebroid. Let E = A* ®A and p : E ^ TM 
be the bundle map 

p{i + X)=pA*{0+PA{X). 
Define a non-degenerate symmetric pairing on E by 

{^ + X,n + Y) = \{m+r}{X)), 
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and a bracket •] on T{E) by 

lX,Yj = [X,YU, 

IX, = {ixSA*^ + ^Sa* - {^iSAX + ^6Aim) , (4) 

for all X,Y e T{A) and ^, r/ G T{A*). Here 5a* : r(AM*) r(A'+M*) is the derivation given 
by Eq. (3). Then {E, (-, •), |-, p) is a Courant algebroid. 

Conversely, assume that (£',(•,•),[•, -J, p) is a Courant algebroid, and ^ is a Dirac structure 
with an isotropic complement B. The duality pairing 

A^B^R:X^^^ 2(^, X) 

identifies B with A*. Let (p be the element in T{A^A) defined by 

HC,v,0 = m,vlO, VC,r?,CGr(S), (5) 

PB = p\b be the restriction oi p to B and [■, ■]b be the bracket on r{B) such that 

U,v}-[^,ri]B&riA), Ve,r/Gr(i?). (6) 

Define a derivation 5 : r(AM)(^ r{A'B*)) T{A*+^A){^ T{A'+^B*) as in Eq. (3). The 
triple {A, 6, cp) becomes a quasi Lie bialgebroid. □ 

3 Poisson quasi-Nijenhuis manifolds 

Let M be a smooth manifold, vr a Poisson bivector field, and N : TM TM a (f , l)-tensor. 

Definition 3.1 ([11]). The bivector field vr and the tensor N are said to be compatible [12] 
if 

A^cTt" = JoN'^ and C^^ = 0, (7) 

where 
and 

[a, f3]B := CBa{/3) - Cbb{o) - d{f3{Ba)) (8) 
for all a,P e n^{M) and any bundle map B : T*M TM. 

The (1, l)-tensor N is said to have zero Nijenhuis torsion if 

[NX, NY] - N{[NX, Y] + [X, NY] - N[X, Y]) = 0, VX, Y G X{M). 

In [f7], Magri and Morosi defined Poisson Nijenhuis manifolds as triples {M,tt,N) such that 
TT and N are compatible and the Nijenhuis torsion of A'' vanishes. 

This definition is motivated by the following 

Fact 3.2 ([12, 21]). Assume that tt G X'^{M) is a Poisson tensor and N : TM TM a 
{l,l)-tensor on M. The tensor ttn defined by 

7rjv(a, /?) := /3(iV7r*a), Va, /? G n^{M) 

is skew-symmetric if, and only if, NoTt'^ = tto^N'^ . In this case, we have 
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(i) [tt, TTjv] = if C^^ = 0, and the converse is true if tt is non- degenerate; 
(a) [7rAr,7r7v] = if, and only if, the Nijenhuis torsion of N vanishes. 

Hence, any Poisson Nijenhuis manifold (M, tt, N) is endowed with a bi-Hamiltonian structure 
(tTjTTjv), i.e. 

[tt, tt] = 0, [tt, ttn] = 0, [ttn, TTiv] = 0. 

Similarly, one can define Poisson quasi-Nijenhuis manifolds. 
Let In he the degree derivation of (J7*(M), A) defined by 

p 

iiNa){Xi,--- =^a(Xi,--- ,NXi,--- ,Xp), Va G Of(M). 

i=l 

Definition 3.3. A Poisson quasi-Nijenhuis manifold is a quadruple {M,Tr, N,(l>), where tt G 
j£^(M) is a Poisson bivector field. A'' : TM —>■ TM is a (1, l)-tensor compatible with tt, and (p 
is a closed 3-form on M such that 

[NX, NY] - N{[NX, Y] + [X, NY] - N[X, Y]) = Tr\ixAY4>), VX, Y G X(M) 

and iN<f> is closed. 

It is well known that, on a Poisson manifold (M, vr), the bracket on 0^(M) associated to the 
bundle map tt" through Eq. (8) makes T*M into a Lie algebroid with anchor tt" : T*M — > TM. 
The usual cotangent bundle will be denoted by (T*M)7r when equipped with this Lie algebroid 
structure. More precisely, we have the following 

Fact 3.4 ([2]). Let tt be a bivector field on M. Then [tt, tt] = if, and only if, (r*M)^ is a 
Lie algebroid. 

On the other hand, defining a bracket [•, on X(M) by 

[X, Y]n = [NX, Y] + [X, NY] - N[X, Y], VX, Y G X(M) 

as in [11], and considering N : TM — TM as an anchor map, we obtain a degree 1 derivation 
dN of {n*{M),A) inspired by Eq. (3): 

n 

idNa){Xo,Xi,--- =^(-iy(iVX,)a(Xo,-- - - 

i=0 

+ J2{-iy+^ai[Xi,Xj]N,Xo,--- ,Xi,--- ,Xj,--- ,Xn). (9) 

i<j 

Moreover, as proved in [11], we have the following identity 

djsf = [iN,d] = iN°d — doiN. (10) 

The following proposition extends a result of Kosmann-Schwarzbach [11, Proposition 3.2]. 

Proposition 3.5. The quadruple {M,Tr,N,(j)) is a Poisson quasi-Nijenhuis manifold if, and 
only if, ((r*M)^, c/jV) 0) is a quasi Lie bialgebroid and (j) is a closed 3-form. 
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This is an immediate consequence of Fact 3.4 and the following two lemmas. 

Lemma 3.6 ([11, Proposition 3.2]). Assume that it G X'^{M) is a Poisson tensor and 
N : TM TM a (1, l)-tensor on M . The differential d]\f is a derivation of the graded Lie 
algebra (f2*(M), [•, -j^tt) and only if, tt and N are compatible. 

Lemma 3.7. Let (M, vr) be a Poisson manifold and N : TM — ^ TM a (1, l)-tensor compatible 
with tt". Then d'j^f = [(f), -j^tt o,nd only if, 

[NX, NY] - N{[NX, Y] + [X, NY] - N[X, Y]) = JiixAY<f>), VX, Y G X{M) 

and 7r*o(d(/))[, = 0, where {dcj))^, : A^TM — > T*M is the bundle map defined by (d(f))\,(u,v,w) = 
iuAv/\wd(f>, 'iu,v,w G TM. 

Proof. It follows from an easy computation that 

(4/ - [(t>J]^i){X,Y) = {df){[NX,NY] - N{[NX,Y] + [X,NY] - N[X,Y]) - 7r«(W^)) 
for all / G C°°{M). Moreover, since dodjsf + d^od = 0, one has 



(df) - = d{dlf) - {d[(l>,fU - [dct>JU) = d{d%f - + 



Hence, dj^ — [(f), -j^ti vanishes on 0- and exact 1-forms if, and only if, 

[NX, NY] - N{[NX, Y] + [X, NY] - N[X, Y]) = Tr^{ixAY<f>), VX, Y G X{M) 

and [d(f>, f]^t = 0, V/ G C°°{M). The latter is easily seen to be equivalent to ir"^ o{d(j))\, = 0. And 
in this case, since both and [(f), -J^ij are derivations with respect to A, we get c/^ = [(f), ■]^i . □ 

As an immediate consequence, we obtain the following result of Kosmann-Schwarzbach [11]. 

Corollary 3.8. The triple (M, vr, N) is a Poisson Nijenhuis manifold if, and only if, {(T*M)t^, djv) 
is a Lie bialgebroid. 

We now turn our attention to the particular case where the Poisson bivector field vr is non- 
degenerate. Together with Lemma 3.6, the following two lemmas give another proof of the 
equivalence between the relation [tt, tin] = and the compatibility condition (7) when tt is 
non-degenerate (see Fact 3.2). 

Lemma 3.9. Assume that it G j£^(M) is a Poisson tensor and N : TM TM a (1, l)-tensor 
on M . Then ttn is a bivector field such that [tt,ttn] = if, and only if, all the squares in the 
following diagram commute. 

— . c~(M) ^ n\M) ^ n^M) ^ n^{M) ^ ■ ■ ■ (ii) 

id 

C°°(M) —r X\M) — X^{M) — X'{M) 



[t^nA [t^nA [•tjv,-] ["■jv,-] 

Proof. We have tt^N'^ = Ntt^ (i.e. ttjv is a bivector field) if, and only if, V/ G C°°(M), 

TT^N'^df = NJdf 
<^ JiNdf = TT^^df 

^ JdNf = [TTN,f]. (12) 
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And [TTiVjTr] = is equivalent to 

[7rAr,7r]«(d/) = 
^ [[t^n,tt]J]=0 
^ [[7r7V,/],vr] + [tttvJtt,/]] =0 
^ [7rV4f,vr] + [7rAr,7r»d/] =0 

<^ [vr, 7r'*(ijv (//)] = [7r7v,7rS(i/] 

^ JdN{df) = [7rN,7r^df] (13) 

for all / G C°°(M). Since both vrHodiv and [ttat, tt" (■)] are derivations of (J^'(M),A), the 
equivalence follows from Eqs. (12)- (13). □ 

Lemma 3.10. Assume that TT G X^{M) is a non- degenerate Poisson tensor, and N : TM 
TM is a (1, l)-tensor on M. Ifir^ is a bivector field and Diagram (11) commutes, then d^ is 
a derivation of [•, -J^it . 

Proof. Since tt is Poisson, we have 

7r«[a,/3]^s = [7r"a,7r«/3], Va,/3 G il'{M). 
Then, the Jacobi identity for the Schouten bracket gives 

[7riv,7r«[a,/?]^8] = [[ttjv, 7r"a], 7r«/3] + [ir^a, [ttat, tt"/?]], 
which can be rewritten as 

7r''o?Ar([a,/?],rtt) = '^'^{[dNOc, + [a,dN(3\^t) 
since irKdN = [ttjv, 7r''(-)]. The conclusion follows from the invertibility of ir'^. □ 

The previous lemmas are used to prove the following 

Proposition 3.11. (i) Let {M,tt,N,4>) be a Poisson quasi- Nijenhuis manifold. Then, 

[7r,7rjv] = 0, (14) 

and 

[7Tn,ttn] = 2tt\^). (15) 

(a) Conversely, assume that TT G X^{M) is a non- degenerate Poisson bivector fi,eld, N : 
TM TM is a {l,l)-tensor and (p is a closed 3-form. If Eqs. (14)-(15) are satisfied, 
then (M, tt, A'', cf)) is a Poisson quasi- Nijenhuis manifold. 

Proof (i) Fact 3.2 implies Eq. (14). By Proposition 3.5, {{T* M)^, d^, (p) is a quasi-Lie 
bialgebroid. It is simple to see that its induced bivector field on M as in Proposition 4.8 
of [9] is ttn. From Proposition 4.8 of [9], it follows that [ttnjT^n] = 27r''(^). 
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(ii) Since [tTjTt^v] = 0, Lemma 3.9 implies that irKdN = [tt^v, 7r''(-)] and Lemma 3.10 implies 
that djv is a derivation of [•, -jj^). Hence tt and A'^ are compatible by Lemma 3.6. Since tt 
is non-degenerate, we may apply {tt^)~^ to Eq. (15). Then, making use of Lemma 3.9, we 
get back to d'j^ = [0, -j^j. Eq. (15) and the graded Jacobi identity yield [ttjv, vr''((^)] = 0. 
Applying (tt")"^, we get dNcf) = 0. 

□ 

Corollary 3.12. Let u he a symplectic 2-form and (j) a dosed 3-form on M . Then (M, lu, N, 0) 
is a symplectic quasi- Nijenhuis manifold if and only if 

= 2(p and duN = 0, 



where [•, •] stands for the Schouten bracket on J7*(M) induced from the Lie algebroid (r*M)^, 
and UN is the 2-form on M defined by 

ojn{X,Y) =uj{NX,Y), yX,YeX{M). 

Proof. It is well known that, when vr is non-degenerate, tt^ is an isomorphism of differential 
Gerstenhaber algebras from (0*(M), d, [•, •]) to (je*(M), [vr, •],[•, •]) [23, 10]. The conclusion 
thus follows immediately from Proposition 3.11 since tt'^lun = t^n- D 

Remark 3.13. Poisson Nijenhuis structures arise naturally in the study of integrable systems. 
It would be interesting to find applications of Poisson quasi-Nijenhuis structures in integrable 
systems as well. 



4 Universal lifting theorem 

In this section, we recall the universal lifting theorem and its basic ingredients, as it plays a 
crucial role in the following sections. For details, see [9]. 

Let r =^ Af be a Lie groupoid, ^ ^ M its Lie algebroid and 11 G a A:- vector field on F. 

Define Fn G C"^(r*Fxr XpT^F) by 

Fn(/,...,M^) = n(/xS...,/x^). 

Definition 4.1. A fc-vector field 11 G j£'^(F) is multiplicative if, and only if, Fn is a 1-cocycle 
with respect to the groupoid T*Fxr 9^). XtT*T ^A*Xm '>^). Xm^*- 

Remark 4.2. It is simple to see that a bivector field 11 is multiplicative if, and only if, the 
graph of the multiplication AcFxFxFis coisotropic with respect to 11 © 11 © n, where fl 
denotes the opposite bivector field to 11. 

Example 4.3. If P G F(a'^^), then P — P is multiplicative, where P and P denote, 
respectively, the right and left invariant /c-vector fields on F corresponding to P. 

By ^muit(-'^) denote the space of all multiplicative k- vector fields on F. And Xmuit(r) = 
©fc-^muit(^)- 

Proposition 4.4 ([9]). The vector space ^m.-a\t(^) is closed under the Schouten bracket, and 
therefore is a graded Lie algebra. 
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It is simple to show that for any given 11 G ^^yj^(r) and any X G r(AM), the + i — l)-vector 
field [X,U] is always left invariant. Define 6^ e TiAC'+'-^^A) by 

Thus one obtains a linear operator 6u '■ T{A^A) r{A^''^'^~^^A). Here we use the following 
convention: r(A°A) ^ C°°(M) and for any / G C~(M), J = (3* f . One easily checks that the 
following identities are satisfied 

5n(P AQ) = {5nP) ^Q + {-If^^-'-^P A SnQ, 

Sn[P,Q] = [dnP,Q] + i-l)^P-'^^''-'^[P6nQ], 

for all P G T{APA) and Q G r(A^^). This leads to the following definition of /c-differentials. 

Recall that for any Lie algebroid A —i- M, (r(A*A), A, [•, •]) is a Gerstenliaber algebra [23]. 

Definition 4.5. A k-differential on a Lie algebroid ^ is a degree (A; — 1) derivation of the 
Gerstenhaber algebra (r(A*>l), A, [•, •]). Le. a linear operator 

6 : r(AM) ^ r(A'+('=-iU) 

satisfying 

S{P AQ) = (SP) AQ + (-l)f('=-i)p A SQ, 
S[P,Q] = [SP,Q] + (-l)(^-i)(^-^[P,^Q], 

for all P G T{apA) and Q G r(A'?^). The set of fc-differentials on A is denoted by A''{A). 

The space of all multi-differentials A{A) = ^i^A^{A) becomes a graded Lie algebra when 
endowed with the graded commutator: 

[Si,S2] = Sio52 - (-l)('=-^)(^-^)52o(5i, where 6i G A'^iA) and 62 G A\A). 
Below is a list of basic examples. 

Examples 4.6. (i) When A is a Lie algebra Q, then k-differentials are in one-one corre- 
spondence with Lie algebra 1-cocycles (5 : g — > A^^g with respect to the adjoint action. 

(ii) The 0-differentials correspond to sections (f) G r{A*) such that dA(f) = 0, i-e. Lie algebroid 
1-cocycles with trivial coefficients. 

(iii) The 1-differentials correspond to the infinitesimals of Lie algebroid automorphisms. 

(iv) If P G r(A^A), then adp = [P, •] is clearly a /c-differential, which is called the coboundary 
/c-differential associated to P. 

(v) A Lie bialgebroid can be seen as a Lie algebroid together with a 2-differential of square 
zero. The converse is also true. 

>Prom the previous discussion, we know that there exists a linear map 

^muit(r)--^*(^):n^5n, 

which is a Lie algebra homomorphism since the graded Jacobi identity satisfied by the Schouten 
bracket implies that 

[Sn,Sn'] = Siu,n']- (16) 

Moreover, one has the following 
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Universal Lifting Theorem ([9]). Assume that T ^ M is a target- connected and target- 
simply connected Lie groupoid with Lie algebroid A. Then 

X'^^,,iT)^A'iA):U^du 

is an isomorphism of graded Lie algebras. 

5 Symplectic Nijenhuis groupoids 

Definition 5.1. A symplectic Nijenhuis groupoid is a symplectic groupoid (F ^ M,uj) 
equipped with a multiplicative (1, l)-tensor N : TT — > TT such that (r,a;,iV) is a symplectic 
Nijenhuis structure. 

The main result of this section is the following 

Theorem 5.2. (i) The unit space of a symplectic Nijenhuis groupoid is a Poisson Nijenhuis 
manifold. 

(ii) Every integrable Poisson Nijenhuis manifold is the unit space of a unique target- connected, 
target-simply connected symplectic Nijenhuis groupoid. 

Here, by an integrable Poisson Nijenhuis manifold, we mean the corresponding Poisson struc- 
ture is integrable, i.e. it admits an associated symplectic groupoid. See [5, 6] for the solution 
of the integrability problem for Poisson manifolds and, more generally. Lie algebroids. 

Recall that a Poisson Nijenhuis manifold (M, vr, N) gives rise to a Lie bialgebroid ((r*M)^, djsf) 
according to Corollary 3.8. The following lemma gives a useful characterization of those Lie 
bialgebroids arising from Poisson Nijenhuis structures. 

Lemma 5.3. Let (M, vr) be a Poisson manifold. A Lie bialgebroid {{T*M)t^,S) is induced 
by a Poisson Nijenhuis structure if and only if [S, d] = 0, where d stands for the de Rham 
differential. 

Proof. If {M,Tr,N) is a Poisson Nijenhuis manifold, then = iN°d — doi^. Thus 
[djv, d] = d^od + dodN = {iN°d — ddN)°d + doii^od — doi^) = 0. 

Conversely, given a Lie bialgebroid {{T*M).,^, 5) such that [5, d] = 0, one obtains a Lie algebroid 
structure on TM. Let N : TM TM be its anchor map. Thus 6 = dN : C°°{M) 9}{M). 
Since [5, d] = 0, we have V/ G C°°(M), 5{df) = -dSf = -ddNf = dN{df). It thus follows that 
(5 = djv on any differential forms since both S and djy are derivations and they agree on 0- 
and exact 1-forms. According to Corollary 3.8, it follows that (M, tt, A'') is a Poisson Nijenhuis 
manifold. □ 

Proof of Theorem 5.2. (i) FROM SYMPLECTIC NIJENHUIS GROUPOIDS TO Poisson Nijen- 
huis MANIFOLDS. Assume that {r,io,N) is a symplectic Nijenhuis groupoid. Let tt be 
the bivector field on F which is the inverse of u and tTj^ € 3£^(F) be the bivector field 
defined by tt- = NoTtK 
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• Since [tt , tt] = 0, the induced bivector field tt = t*7r on the base manifold of the 
symplectic groupoid F =^ M is Poisson [22]. The Lie algebroid of F ^ M is iso- 
morphic to {T*M)t^ [2]. And the multiphcative bivector field tt corresponds to a 
2-differential on {T*M)^, which is the de Rham differential d. That is, {{T*M)-„, d) 
is the Lie bialgebroid corresponding to the symplectic groupoid (F,cl;). 

• As pointed out in Fact 3.2, tt^ is a Poisson tensor on F [16, 12, 21]. Moreover, 
TTjy is a multiplicative bivector field since A'^ is a multiplicative (1, l)-tensor and 
TT is a multiplicative bivector field. In other words, (F,7fj^) is a Poisson groupoid 
[14]. Let (^5f- : n'{M) n'+^{M) be the 2-difFerential on {T*M)^ induced by 
the multiplicative Poisson bivector field tt^ on F. Since [tt^,??^] = 0, the universal 
lifting theorem implies that 

= 6\~-. = [&~ , fc- 1 = 6:^- ofc- + b^-ob^^ = 26- ^ . 

Thus, ((r*M)^, (Jjf^) is a Lie bialgebroid. 

• Likewise, it is standard that [tt^y'"^] ~ ^- Thus the universal lifting theorem implies 
that [(55f^,ci] = 0. According to Lemma 5.3, b^-^ = d^ for some Nijenhuis tensor N 
on M and (M, tt, A^) is a Poisson Nijenhuis manifold. 

(ii) From Poisson Nijenhuis manifolds to symplectic Nijenhuis groupoids. Given 
a Poisson Nijenhuis manifold (M, tt, N), then {(T*M)-,^,dN) is a Lie bialgebroid by Corol- 
lary 3.8. Assume that (T*M)7r is integrable (see [5, 6] for the integrability condition) 
and (F ^ M, u) is a target-connected and target simply-connected symplectic groupoid 
of M. Since = and [d]\f,d] = 0, the universal lifting theorem implies that d^ corre- 
sponds to a multiplicative Poisson bivector field tc^ on F such that [7fjy,7r] = 0, where tt 
is the Poisson tensor on F inverse to lo. Let N = tt -.oSi, : TT — >■ TT. Then it is clear that 
N is a multiplicative (1, l)-tensor, and {T,uj,N) is a symplectic Nijenhuis groupoid. 
Since these two constructions are inverse to each other, the theorem is proved. □ 

6 Symplectic quasi-Nijenhuis groupoids 

The goal of this section is to generalize Theorem 5.2 to the quasi-setting. More precisely, we 
will give an integration theorem for Poisson quasi-Nijenhuis manifolds. 

Definition 6.1. A symplectic quasi-Nijenhuis groupoid is a symplectic groupoid (F ^ M,u) 
equipped with a multiplicative (1, l)-tensor A^ : TT — > TT and a closed 3-form (f) G il^{M) 
such that (T,lo, N ,t*(f) — s*^) is a symplectic quasi-Nijenhuis structure. 

The following result is a generalization of Theorem 5.2. 

Theorem 6.2. (i) The unit space of a symplectic quasi-Nijenhuis groupoid is a Poisson 
quasi-Nijenhuis manifold. 

(ii) Every integrable Poisson quasi-Nijenhuis manifold (M, 7r,A^, 0) is the unit space of a 
unique target- connected and target-simply connected symplectic quasi-Nijenhuis groupoid 
{T^M,u,N, t*<t)- s*(t>). 

Proof. The proof is similar to that of Theorem 5.2, so we will merely sketch it. 
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Assume that {MjTt, N, cf)) is an integrable Poisson quasi- Nijenhuis manifold. Let F ^ M be a 
target-connected and target-simply connected groupoid integrating the Lie algebroid {T*M)t^. 
By Proposition 3.5, ((r*M)^, djv, 0) is a quasi-Lie bialgebroid, which integrates to a quasi- 
Poisson groupoid by the universal lifting theorem. Let tt^ G X(r) be the bivector field on F 
corresponding to djv- Then we have 

l[7fjv'^jv] = ^ - 4>- 

On the other hand, we know that F ^ M is a symplectic groupoid, whose corresponding Lie 
bialgebroid is (^(T* M)t^, The symplectic form on F is denoted by UJ. Let tt € X^(F) be its 
corresponding Poisson tensor. Since [d^v, d] = 0, we have [vf^y, vf] = according to the universal 
lifting theorem. Let N = tt'^~oLJ\, : TT —>■ TT. Then it is clear that N is a multiplicative (1, 1)- 

tensor. Since (f) — (p = tt^ {t* (p — s* (j)) , from Proposition 3.11, it follows that {T,oj,N,t*(f) — s*(j)) 
is a symplectic quasi- Nijenhuis groupoid. 

The other direction can be proved by going backwards. □ 

Remark 6.3. Note that a;(,(7r^) is a multiplicative 2-form on F =^ M. It would be interesting 
to see what is the corresponding Dirac structure on M and how the integration result in [1] 
can be applied to this situation. 

7 Generalized complex structures 

This section is devoted to the investigation of the relationship between generalized complex 
structures and Poisson quasi-Nijenhuis structures. Let us first recall the definition of general- 
ized complex structures [8, 7]. 

Definition 7.1. A generalized complex structure on a manifold M is a bundle map 

J : TM © T*M TM © T*M 

satisfying the algebraic properties 

J^ = -I and {Jv,Jw) = {v,w) (17) 

and the integrability condition 

llJv, Jw^ - llv, w\) - J{(iJv, + l\v, Jw\i) = 

Vv,w G r{TM®T*M). Here (•,•) and are the pairing and bracket on the standard 
Courant algebroid TM © T*M as in Example 2.2. 

The first two algebraic conditions (17) imply that J must be of the form 

where vr G X'^{M) is a bivector field, a G n^{M) is a 2-form and N : TM TM is a (1, 1)- 
tensor. Here : TM T*M is the map given by {a\,X){Y) = a{X,Y), VX,y G X{M). 
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On the other hand, a Courant algebroid can be deformed using a bundle map J. More precisely, 
let {E, (-, •), |-, p) be a Courant algebroid over M and let 



M—r^M 

id 

be a vector bundle automorphism of E ^ M. Consider 

• the inner product 

{A,B)j = {JA,JB), 

• the bracket 

{A, Bjj = IJA, Bj + lA, JBj - JIA, Bj (19) 

• and the bundle map 

pj = poJ 

induced by J. 

A natural question is 

Question 7.2. When is the quadruple {E, {■, -Jj, pj) still a Courant algebroid? 

The next proposition gives a trivial sufficient condition. 

Proposition 7.3. The quadruple (E, {■, -Jj, pj) is a Courant algebroid if 

{J A, JBj + J^A, Bj - J{IJA, Bj + lA, JBj) = 0, VA, B e r{E). 
Moreover, in this case, J is a Courant algebroid isomorphism from {E, {■, -jj, pj) to 

We now give an answer to Question 7.2 in the special case of the standard Courant algebroid 
TM © T*M, where J satisfies Eqs. (17), and is given by Eq. (18) . 

Lemma 7.4. Assume that J : TM © T*M TM © T*M is given by Eq. (18). Let (]•, 
be the deformed bracket on X{M) © 0^(M) as in Eq. (19). Then, for all X,Y e X{M) and 
^,r] e 9,^{M), we have 

<\^,vh = [^,vU (20) 

l\X,Y\,j=[X,Y]N + {da){X,Y,-) (21) 

(\X,^\)j = {[X,J^] - J{Cx^ - Idi^X))) + [C^x^ - CxiN^O + N^{jO-x^ - H^X))) 

(22) 

Proof. This follows from a straightforward computation using Eqs. (2) and (19), and is left 
for the reader. □ 

Proposition 7.5. Let J : TM © T*M TM © T*M be a bundle map which satisfies 
Eqs. (17), and is given by Eq. (18). Then {TM e T* M, {■, (\-, -y, p,j) is a Courant alge- 
broid if, and only if, (M, vr, N, da) is a Poisson quasi-Nijenhuis manifold. And in this case, 
(TM(BT*M, (•, (|-, 'DjjPj) is naturally identified with the double of the quasi-Lie bialgebroid 
{{T*M)^,dN,da). 
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Proof. Assume that {TM®T*M, {■, ■) j, (|-, pj) is a Courant algebroid. It is clear that A := 
T*M and B := TM are transversal, maximal isotropic subbundles. By Eq. (20), A = T*M is 
a Dirac structure with the induced bracket [•, -j^t . Thus, according to Theorem 2.6, we obtain a 
quasi-Lie bialgebroid. The construction of the corresponding derivation 6 of (0*(M), A, [•, -J^k) 
and twisting 3-form (f) was outlined in the proof of Theorem 2.6. In the present situation, we 
have 

Pb{X) = pj{X) = p{JX) = p{NX + (TbX) = NX, VX G TM 
and, combining Eqs. (21) and (6), 

[X,Y]b = [X,YU, yx,YeX{M). 

Therefore, comparing Eqs. (3) and (9), we conclude that 5 = cIn- And, combining Eqs. (5) 
and (21), we get 

^{X, Y, Z) = 2{^X, Y\)j, Z)j = 2{J^X, YIj, JZ) = 2(^X, Y^, Z) 

= 2{[X, Y\n + da{X, y, •), Z) = da{X, Y, Z), VX, y, Z G X{M). 

Hence {{T*M)^,dN,da) is a quasi-Lie bialgebroid or, equivalently according to Proposition 
3.5, (M, IT, N, da) is a Poisson quasi-Nijenhuis manifold. 

Conversely, assume that (M, tt, A^, da) is a Poisson quasi-Nijenhuis manifold. By Proposition 
3.5, {{T*M)-^,dN,da) is a quasi-Lie bialgebroid. Its double E is a Courant algebroid. We will 
show that E is indeed isomorphic to {TM ®T*M, (•, (|-, ■\)j,pj). First, it is simple to check 
that their anchors and non-degenerate symmetric pairings coincide. It remains to check that 
their brackets coincide. According to Eq. (4), the bracket |-, -J on r(£') is given by 

U,V} = [^,VI (23) 
IX, y] = [X, y]jv + {da){X, Y, ■) (24) 
{X, ^1 = {ixSTM^ + ^TMi^X)) - {i^Sr^uX + ^6t*m{CX)) (25) 

for all X, y G X{M) and Cry G fl^{M). In our case, we have 

^T*M = K, •] and Stm = dN- 

It follows from a straightforward verification that the right hand sides of Eqs. (20)-(22) and 
(23)-(25) coincide. Therefore, (TM®T*M, {■, (\-, j, pj) is indeed a Courant algebroid. □ 

We are now ready to state the main result of this section. 

Theorem 7.6. Assume that J : TM®T*M TM®T*M as given by Eq. (18) satisfies Eqs 
(17). Then the following are equivalent 

• J is a generalized complex structure; 

• (M, TT, N, da) is a Poisson quasi-Nijenhuis manifold such that 

{TM)n © (T*M)^ i TM © T*M 
is a Courant algebroid isomorphism. 

Here {TM)i\r © (r*M)^ denotes the Courant algebroid corresponding to the quasi-Lie bialge- 
broid {{T*M)^,dN,da). 
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Proof. By Proposition 7.3, J is a generalized complex structure if, and only if, (TM 
T*M,{-,-)j,I\-,-Ij,pj) is a Courant algebroid and {TM ® T*M,{;-)j,i\,j,pj) i {TM ® 
T*M, {■,■), (\-, p) is a Courant algebroid isomorphism. The result follows immediately from 
Proposition 7.5. □ 

Since any generalized complex structure naturally gives rise to a Poisson quasi-Nijenhuis man- 
ifold, as an immediate consequence of Theorem 6.2, we have the following 

Theorem 7.7. Let J be a generalized complex structure as given by Eq. (18), and {T ^ M,Lij) 
a target-connected and target- simply connected symplectic groupoid integrating {T*M)t^. Then 
there is a multiplicative {l,l)-tensor N on T such that {T ^ M,lu, N ,t*da — s*da) is a 
symplectic quasi-Nijenhuis groupoid. 

Remark 7.8. Note that Theorem 3.3-3.4 in [4] essentially imply our Theorem 7.7. Our proof is 
conceptual, while Crainic used a direct argument. It would be interesting to see how Theorem 
3.4 (ii) in [4] can be proved conceptually. 
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